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Abstract-The results of an experimental investigation of convective heat transfer from turbulent 
boundary layers accelerated under the influence of large pressure gradients in a cooled convergent- 
divergent nozzle are presented. The investigation covered a range of stagnation pressures from 30 to 
250 psia, stagnation temperatures from 1030” to 2OOO”R, and nozzle-inlet boundary-layer thicknesses 
between 5 and 25 per cent of the inlet radius. The most significant unexpected trend in the results is the 
reduction in the heat-transfer coefficient, below that typical of a turbulent boundary layer, at stag- 
nation pressures less than about 75 psia. As expected, the results include a maximum in the heat-transfer 
coefficient upstream of the throat where the mass flow rate per unit area is largest, and a substantial 
decrease of the heat-transfer coefficient downstream of the point of flow separation which occurred in 
the divergent section of the nozzle at the low stagnation pressures. A reduction of about 10 per cent in 
the heat-transfer coefficient resulted from an increase in the inlet boundary-layer thickness between the 
minimum and maximum thicknesses investigated. 

Heat-transfer predictions with which the data were compared either incorporate a prediction of the 
boundary-layer characteristics or are related to pipe flow. At the higher stagnation pressures, predicted 
values from a modification of Bartz’s turbulent-boundary-layer analysis are in fair agreement with the 
data. As a possible explanation of the low heat transfer at the lower stagnation pressures, a parameter 
is found which is a measure of the importance of flow acceleration in reducing the turbulent transport 

below that typical of a fully turbulent boundary layer. 

NOMENCLATURE 

speed of sound ; 
local nozzle cross-sectional area; 
nozzle throat area; 
characteristic velocity poA*g,/ti; 
local wall friction coefficient, cf/2 = 
?lJp&; 
coefficient analogous to skin-friction 
coefficient, with momentum thickness 
dependence replaced by energy 
thickness ; 
specific heat at constant pressure; 
nozzle diameter; 
nozzle throat diameter; 
gravitational constant; 

7 Portions of this paper were originated under studies 
conducted for the Department of Army Ordnance Corps 
under Contract No. DA-04-495-Ord-18. Such studies 
are now conducted for the National Aeronautics and 
Space Administration under Contract No. NAS 7-100. 

$ Senior Research Engineer. 
4 Research Group Supervisor. 
i Research Engineer. 

convective heat-transfer coefficient; 
cooled-approach length; 
axial length of nozzle = 5.925 in; 
mass flow rate; 
Mach number; 
static pressure; 
stagnation pressure; 
Prandtl number; 
wall heat flux ; 
turbulent kinetic energy; 
nozzle radius; 
nozzle-throat radius; 
nozzle-throat radius of curvature; 
nozzle-inlet radius = 2.53 in; 
Reynolds number based on nozzle 
diameter, peu,D/pe; 
Stanton number, h/p,uecp; 
temperature; 
velocity component in the x direction; 
velocity component normal to wall; 
distance along the wall in the flow 
direction ; 
distance normal to wall; 
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z, axial distance from nozzle inlet. 

Greek svmbols 
specific-heat ratio; 
velocity boundary-layer thickness; 
stagnation-temperature boundary-layer 
thickness; 
displacement thickness; 
momentum thickness; 
viscosity; 
kinematic viscosity; 
density; 
dimensionless property correction factor 
(defined in 1201); 
wall shear stress; 
energy thickness; 
parameter. 

Subscripts 
an’, 

e. 

.A 

‘adiabatic wall condition; 
condition at free-stream edge of 
boundary layer ; 
property evaluated at film temperature, 

Tf = (T,, + Te)/2; 
components in Cartesian coordinates; 
upstream reservoir condition; 
stagnation condition; 
wall condition; 
one-dimensional flow value. 

Superscripts 
( )‘, fluctuating component; 

(-), time average. 

INTRODUCTION 

COMPREHENSIVE studies of convective heat 
transfer from gases flowing under the influence 
of comparatively large pressure gradients have 
been mostly analytical. Laminar-flow cases have 
been solved by boundary-layer theory ap- 
proaches in which the restrictive assumptions 
are within the realm of describing actual pro- 
cesses. Turbulent flows, however, are too com- 
plex to formulate in such a way that descriptions 
of the momentum and energy transport pro- 
cesses can be made without the use of consider- 
able empirical information or assumptions 
which are so drastic that they themselves are 
essentially the solutions. The present investi- 
gation was undertaken in order to provide 
experimental convective heat-transfer informa- 
tion on turbulent flows subjected to large 

pressure gradients with boundary layers that art’ 
thin in comparison to the cross section of the 
channels. It was anticipated that these results 
could be incorporated with turbulent boundary- 
layer theories to arrive at a meaningful method 
of predicting convective heat transfer in accelerat- 
ing flows. 

Experimental measurements of heat transfer 
from gases flowing under the influence of 
pressure gradients have been made to some 
extent by other investigators. Data obtained 
from rocket-engine firings indicate that the local 
heat fluxes in nozzles (particularly the conver- 
gent sections) are sensitive to injection schemes. 
combustion phenomena. and the proximity of a 
nozzle to the injector [I]. Furthermore, super- 
imposed on the convective component is a 
radiation component which, together with the 
other effects, introduces complexities into the 
gross heat-transfer process. Hence. results of 
measurements such as these have not been 
particularly informative about the convective 
heat-transfer mechanism in accelerating tur- 
bulent boundary-layer flows. 

Most experimental results of previous in- 
vestigations of convective heat transfer in a 
nozzle without injection and combustion effects 
were obtained either with nozzles of small angles 
of convergence and divergence or at relatively 
low stagnation pressures and temperatures. 
Saunders and Calder’s measurements [2] were 
made only in the conical divergence section. 
with the half-angle of divergence about A . 
Ragsdale and Smith 131. using superheated 
steam. made measurements in a nozzle which 
had small convergent and divergent half-angles 
of about I ‘. The stagnation temperature was 
about 1000 R, and the stagnation pressure 
ranged from 20 to 35 psi;,. Baron and Durgin’s 
measurements [4] in two-dimensional nozzles 
were made at a stagnation temperature of 
570’R and over a stagnation pressure range 
from 6 to 30 psia. In preliminary results [5] from 
the system shown in Fig. I, semi-local values of 
heat transfer were determined by calorimetry for 
a few operating conditions. Only for Kolozsi’s 
measurements [6] in a 7:” half-angle convergent 
and divergent conical nozzle at a stagnation 
temperature of about 1200 ‘R were data reported 
at higher stagnation pressures of225 and 370 psia. 
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FIG. 1. Flow and instrumentation diagram. 

In this investigation, compressed air was 
heated by the internal combustion of methanol 
and then mixed to obtain uniformity before it 
entered the nozzle. The mixing and distance of 
the combustion from the nozzle (Fig. I) mini- 
mized maldistr~butions. The nozzle had a throat 
diameter of l-803 in., a contraction-area ratio of 
7.75 to 1, an expansion-area ratio of 2.68 to 1, 
a convergent half-angle of 30”, and a divergent 
half-angle of 15”. The exit Mach number was 
about 2.5. Local convective heat-transfer results 
were obtained by measuring steady-state 
temperatures with thermocouples embedded in 
the water-cooled nozzle wall. Radiation effects 
were negligible over the 1030” to 20OO”R 
stagnation-temperature range. To determine the 
effect of boundary-layer thickness at the nozzle 
inlet on heat-transfer in the nozzle, the length of 
the constant-d~aI~eter cooled-approach section 
upstream of the nozzle inlet was changed in 
6-in lengths from 0 to 18 in. 

INSTRUMENTATION 

The system flow and instrumentation diagram 
is shown in Fig. 1. The ratio of methanol-to-air 
weight flow rate was small enough, even for the 
highest stagnation temperature, so that the 
products of combustion could be treated 
approximately as air. Stagnation pressure was 
measured just upstream of the water-cooled 
approach section, and stagnation temperature 
was determined by averaging the readings of 

two shielded thermocouples located 0.25 in 
upstream of the nozzle inlet. These two thermo- 
couples, located I in from the centerline, were 
spaced 180” apart circumferentially and generally 
read within 2 per cent of each other. To de- 
termine the static-pressure distribution aLong the 
nozzle, thirty-two static-pressure holes 0.040 in 
in diameter were spaced circumferentially and 
axially in the nozzle wall. These static pressures 
were measured with mercury manometers. 

Boundary-layer traverses were made in the 
5.07-in-diameter cooled-approach section at a 
location 1.25 in upstream of the nozzle inlet, 
The stagnation-pressure probe was located 
90” circumferentially from the stagnation- 
temperature probe. Details of the probe tips 
are shown in Fig. 2. The tip design is similar to 
that of probes used by Livesey [7], with which he 
found a negligible velocity displacement effect 
of the probe in the wall vicinity. 

To obtain the wall temperature and heat flux 
a thermocouple plug shown in Fig. 3 was 
located at each of twenty-one axial locations, 
except at z/L =-: 0,864 where there were two. 
These plugs were also spaced at numerous 
circumferential locations along the nozzle, as 
indicated in the table in Fig. 3, such that every 
third plug was located in a quadrant within 
55” of successive ones. A technique for electri- 
cally determining the location of the thermo- 
couple weld junctions was devised using a Kelvin 
bridge circuit. Three IongitudinaI water-coolant 
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Although temperature gradients existed along 
the nozzle wall, these were generally small, and 
the three thermocouple readings in each plug 
indicated that only radial heat conduction 
normal to the wall need be considered. The 
gas-side wall temperatures determined from the 
different thermocouple combinations in each 
plug were generally within 1 per cent. However, 
in determining the wall heat flux, there were 
inconsistencies. If the center thermocouple and 
the one nearest the gas-side wall were used, the 
calculated wall heat flux was on the average 
about 10 per cent higher than when the thermo- 
couples nearest the gas-side and water-side walls 
were used. With a combination of the center 

FIG. 2. Tip details of traversing boundary-layer 
probes. 

-. 

Plug 
No. 

- 

Plug Positiont 
____-- 

Circumferentiat 
angle from 

z/‘L A/A* arbitrary zero 
(deg) 

ALUME --~- - 

124 
D25 
034 
123 
D26 
03.5 
122 
D28 
H375 
120s 
D29 
F42 
119 
D30 
F43 
118 
031 
F45 3 
117 
Cl6 
D33 
F46 

0.133 
0.204 
0.276 
0.336 
0.385 
0.429 
0,469 
0.512 
0541 
0.573 
0603 
0.634 
0.664 
0.693 
0.717 
0.750 
0.782 

639 330 
5.05 30 
3.86 150 
2.98 280 
2.37 80 
l-88 200 T 1.48 315 1 
1.23 4s WALL 

THICKNESS 
I.10 155 0.292 

f-02 
1 .oo 
1.02 
I ,08 
1.19 75 I ,.fi.“lj n I 
1.28 200 
I.41 320 
I.55 40 c G= 

0825 1.74 150 
0.864 1.94 275 
0,864 1.94 320 
0.905 2.14 85 
0.938 2.41 205 

CHROMEL WIRES 

WATER SIDE 

+ 

DIMENSIONS IN INCHES 

FIG. 3. Thermocouple plug diagram and positions. 

-I L = 5-925 in and A * = 2,552 in* at z/L = 0603. 
$ Data from this plug are questionable and have been 

omitted. 
4 Water side wall thermocouple in this plug has been 

damaged. 
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thermocouple and the one nearest the gas-side 
wall, the total heat load was found to agree 
within 5 per cent of that computed from the 
coolant flow rate and the coolant temperature 
rise; consequently, these two thermocouples 
were used to calculate the wall heat flux. 

The heat-transfer coefficient was computed by 

The adiabatic wall temperature was calculated by 
taking the recovery factor equal to 0.89. This 
value is based on measurements with air 
acceferated over a flat plate by a convergent 
opposite wall [8] and by extrapoIating wall 
temperatures to the zero heat flux condition for 
air flow through a nozzle [4]. In both of these 
investigations the recovery factor was found to 
be independent of pressure gradient. Actually for 
the large differences between the stagnation and 
wall tem~ratures in the present results the 
calculated heat-transfer coe&ients are in- 
sensitive to the assumed recovery factor 
dependence. 

STATIC PRESSURE AND MASS FLUX 

~I~~~~~I~N~ 

The measured static-to-stagnation pressure 
ratio along the nozzle is shown in Fig. 4 at a 
stagnation temperature of 15OO”R for a range 
of stagnation pressures from 45 to 150 psia. 
measurements at higher stagnation pressures 
were not possibie because of manometer 
limitations. Except in the nozzle-exit region, 
where the rapid rise in static pressure at the 
lower stagnation pressures indicates flow separa- 
tion, the pressure-ratio distribution is nearly 
invariant. For computational purposes, it is 
assumed to be invariant above 150 psia. Devia- 
tions of measured pressure distributions from 
that predicted from one-dimensional isentropic 
flow are indicated. Just downstream of the 
throat, these amount to 30 per cent, The devia- 
tions result from radial-velocity components 
caused by the taper and curvature of the 
nuzzle. 

In Fig. 5, the ratio of the local mass flux peuer 
calculated from the measured wall static pres- 

FIG. 4. Ratio of static to stagnation pressure along 
the nozzle. 

sures, to that predicted from one-dimensional 
flow pm is shown at it = 1.5 psia for different 
stagnation temperatures and cooled-approach 
lengths. For the tests shown, the m~imum 
value of the mass flux peue occurred at 
z/L = OC%. This location corresponds to the 
intersection of the sonic line with the nozzle 
wall and is upstream of the geometric throat, 
which is located at z/L = 0.603. Just downstream 
of the throat, there is a sharp dip in the mass- 
flux ratio, the reduction below that predicted 
from one-dimensional flow amounting to about 
15 per cent. There appears to be a slight trend 
toward mass-ffux ratios increasing with stag- 
nation temperatures especially near the nozzle 
exit. The effect of boundary-layer thickness at 
the nozzle inlet on the mass-flux ratio is 
negligible, 

Since the deviations from one-dimensional 
Aow are signi~~ant in the throat region, it is of 
interest to dete~ine to what extent the mass 
flux at the edge of the boundary layer is pre- 
dictable. Oswatitsch and Rothstein [9] con- 
sidered isentropic, ho-dimensional flow in a 
converging-diverging nozzle. The wall boundary 
fayer is neglected, as is the requirement that the 
Auid velocity at the wall be exactly parallel to it. 
The final result of their analysis can be east in 
the form of a ratio of the mass flux at the nozzle 
wall to that for one-dimensional flow. 
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FIG. 5. Ratio of local to one-dimensional mass flux along the nozzle. 

PO 

(1) 
where 

The predicted mass-flux ratio is only a function 
of the nozzle geometry, with the subscript 1 
denoting average quantities for one-dimensional 
flow. The prediction shown in Fig. 5 is in fair 
agreement with the data in the throat region. 
It also indicates the sonic line to be upstream of 
the throat. At the intersection of the conical 
sections of the nozzle with the throat curvature, 
there is a predicted discontinuity in the mass- 
flux ratio as indicated by the dashed lines. The 
prediction is not shown in the nozzle-entrance 
region since there, restrictions on the magnitude 
of the nozzle radius and its derivatives implied 
in the analysis are not satisfied. Even in the 
throat region, these are marginal. 

BOUNDARY LAYERS AT THE NOZZLE INLET 

To indicate the nature of the boundary layer 
at the nozzle inlet with the l&in cooled- 

approach length, the velocity ratio u/u~, mass- 
flux ratio pu/peue, and stagnation-temperature 
distribution (rt -- TTfi)/(Tte ~~ TU1) are shown in 
Fig. 6 for a stagnation temperature of 1500”R 
and a range of stagnation pressures from 45 to 
254 psia. The profiles indicate that the boundary 
layers are turbulent over the range of stagnation 
pressures. A t; -power-law curve for negligible 
property variation across the boundary layer is 
shown for comparison. Values of the thicknesses 
8*, 0, and + near the nozzle inlet were calculated 
by taking into account the mass. momentum, 
and energy defects for llow through a pipe of 
radius R. For example. the momentum thickness 
was calculated from 

In general, these thicknesses are about 5 per 
cent lower than those obtained by assuming 
flow over a plane surface. The effect of increasing 
stagnation pressures is to decrease the displace- 
ment, momentum, and energy thicknesses. 

At the other stagnation temperatures of 1030’ 
and 2000”R, as well as with the shorter cooled- 
approach lengths of 6 and 12 in, the boundary- 
layer profiles, though not shown, were also 
turbulent. However, with no cooled-approach 
length, the boundary layer appears to be in the 
transition region, as indicated by the velocity 
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profiles shown in Fig. 7. These profiles lie be- 
tween a turbulent and lam&r one, as shown by 
the ,-power law and Blasius laminar-flow 
profiles. 

HEAT-TRANSFER RESULTS 

The variation of the heat-transfer coefficient 
along the nozzle with the l&in cooled-approach 
length is shown in Fig. 8 for stagnation tempera- 
tures of about 1030”, 1500”, and 2OOO”R and a 
range of stagnation pressures from 30 to 254 
psia. At the highest stagnation temperature, it 
was not possible to obtain data above a stag- 
nation pressure of 125 psia because of tempera- 
ture limitations on the wall-thermocouple 
insulating material. The curves in Fig. 8 were 
faired through the data. Zt is evident that during 
a given test, circumferential variations in heat 
transfer did exist, as indicated by the symbols 
which are tagged in the same manner. These 
indicate thermocouple plugs spaced within 55” of 
each other. A certain amount of consistency can 
be deduced by comparing data obtained from 
the same thermocouple plugs for different tests. 
The majority of the tests were duplicated and 
found reproducible to within about &2 per cent. 
It was not possible to explain these variations by 
noll-uniformities in the flow based on measure- 
ments in the gas stream at the nozzle inlet. 
However, it is possible that non-uniformities 
could have existed in the boundary layer. 

The heat-transfer coefficients in Fig. 8 in- 
crease, as expected, with increasing stagnation 

--BLASIUS LAMINAR FLOW 1 

.._~ 
0 315 74.6 1516 0020 0.014 - 0 830 

-* 1506 0022 0015 -0 18kO 
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0 I 
0 2 4 6 8 10 12 14 16 

y/e 

FIG. 7. Velocity protiles 1.25 in upstream of the nozzle inlet with no cooled-approach length. 
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FIG. 8. Heat-transfer coefficient vs. axial-distance ratio with the IS-in cooled-approach length. 

pressures as a result of larger mass fluxes; 
however, their variation with stagnation tempera- 
ture at the different stagnation pressures is less 
clear, with the trends dependent on stagnation 
pressure. The maximum value of the heat-trans- 
fer coefficients occurs just upstream of the 
throat in the vicinity where the mass flux Pete, 
as indicated in Fig. 5, is a maximum. A sub- 
stantial decrease in heat transfer downstream 
of the point of flow separation which occurred 
at the low stagnation pressures is indicated by 
the tests at a stagnation pressure of 45 psia. At 

the lowest stagnation pressure, the data are not 
shown in this region, since there were large 
~uctuations in the wail-thermocouple readings. 

To represent the heat-transfer results shown 
in Fig. 8 in terms of correlation parameters 
commonly used involves both the selection of a 
characteristic length and the temperature at 
which properties are evaluated. In Fig. 9 there 
are shown, in addition to the data of Fig. 8, data 
from many more tests at intermediate stagna- 
tion pressures presented in terms of the group, 
St PrO.6, and the Reynolds number based on the 
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0 r,. a 1030’R y = 1.380 

0 r, s 1500”R y i I.345 

n r,, z 2OOO’R y i 1.328 ! 

SUBSONIC 

FIG. 9. Heat-transfer results at various subsonic and supersonic area ratios with the i8-in 
cooled-approach length. 

focal nozzle diameter. Fluid properties were 
evaluated at the static temperature at the edge 

Fig. 9 indicates the heat-transfer data obtained 

of the boundary layer, and the mass flux peue 
at a single area ratio or axial station. Hence, 

was used to compute both the Stanton and 
in each of the plots, increasing Reynolds num- 
bers psueD/pc at the different stagnation tem- 

and Reynolds numbers. Each of the plots in peratures correspond directly to increasing 
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stagnation pressures, since the nozzle diameter is 
constant. 

Proceeding through the subsonic part of the 
nozzle (decreasing area ratios), there is a sub- 
stantial reduction in heat transfer at the lower 
stagnation pressures below that typical of a 
turbulent boundary layer, where the dependence 
of the heat-transfer coefficient on the’mass flux 
is p1 ~(p~Q’5. This reduction persists through 
the throat and into the supersonic region before 
it diminishes near the nozzle exit. At the highter 
stagnation pressures, above 75 psia, the heat 
transfer is typical of a turbulent boundary 
layer. 

Other investigators have observed unexpected 
trends accompanying the acceleration of tur- 
bulent boundary layers. The trends shown in 
Fig. 9 are similar to the results of reference 1 
which were obtained from rocket-engine tests 
over a similar range of stagnation pressures. The 
large positive slope of the experimental curves 
at area ratios near 1 was noted as well as the 
eventual decrease in slope with increasing stag- 
nation pressure. This implies that for the rocket- 
engine tests, injection and combustion effects 
which did influence the magnitudes of the heat 
fluxes did not substantially alter the heat-trans- 
fer trends from those indicated in Fig. 9. In 
reference 10, a turbulent boundary layer at the 
entrance of a supersonic nozzle was found to 
undergo transition to a nearly laminar one at the 
nozzle exit. The stagnation pressure was 4.3 psia. 
When the stagnation pressure was increased to 
14.2 psia, a turbulent boundary layer was found 
at the nozzle exit. No boundary layer measure- 
ments were made within the nozzle. In reference 
11, it was observed that heat-transfer trends 
of the type seen here at the low stagnation 
pressures existed under lower pressure-gradient 
conditions, There was departure from fully 
turbulent flow through the acceleration region as 
indicated by the linearity of the measured 
velocity profiles in the wall vicinity. 

From these observations, it seems logical to 
speculate that at the lower stagnation pressures, 
the boundary layer may have undergone 
transition from the turbulent profile at the 
nozzle inlet to a partially laminar profile under 
the influence of the large, favorable pressure 
gradient. The consequent decrease in eddy 

transport would reduce both the wall friction 
and heat transfer. Tn the last Section, a parameter 
relating a predicted reduction in net production 
of turbulent kinetic energy to the low stagnation 
pressures is discussed. 

The effect of varying nozzle-inlet boundary- 
layer thicknesses on the heat transfer is shown 
in Fig. 10, in particular for a stagnation tempera- 
ture of 15OO”R and stagnation pressures of 75 
and 202 psia. With no pooled-approach length, 
for which the ratio of estimated boundary-layer 
thickness to nozzle-inlet radius is about 0.05, 
the heat-transfer coefficient is above the thicker 
layer results. This trend persists through the 
nozzle and extends into the supersonic region. 
Just upstream of the throat, where the heat- 
transfer coefficient is a maximum, the thinnest 
layer results exceed the thickest layer results 
obtained with the l&in cooled-approach length 
by about 10 per cent. Apparently, with no cooled- 
approach length, transition from the boundary- 
layer profile shown in Fig. 7 to a turbulent one 
occurred upstream of the first heat-transfer 
measuring station. 

COMPARISON OF HEAT-TRANSFER RESULTS 
WITH PREDICTIONS 

Methods of predicting nozzfe heat transfer 
consist either of boundary-layer analyses or. 
because of their simplicity, those related to pipe 
flow. In the boundary-layer analyses (e.g. [12, 
13]), the integral forms of the momentum and 
energy equations are solved based on a number 
of assumptions, the most important of which is 
an assumed form of Reynolds analogy between 
heat transfer and wall friction. A limited amount 
of data [ll, 14, 151 for heat transfer to an 
accelerated, essentially incompressible, turbulent 
boundary layer where property variations were 
small has indicated that heat-transfer coefficients 
determined from the wall friction through one 
of the analogies known to apply for constant 
free-stream velocity were far in excess of actual 
values. However, since boundary-layer measure- 
ments were not made in the nozzle, an experi- 
mental check was not possible. 

Another, more recent, boundary-layer pre- 
diction method in which various heat-transfer 
assumptions can be compared to experimental 
results is a modification of the turbulent 
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boundary-layer analysis of reference 12. In 
the modified turbulent boundary-layer analysis, 
as in reference 12, the integral forms of the 
momentum and energy equations are solved 
simultaneously for 6’ and 4. The assumptions 
involve the specification of the heat-transfer and 
wall-friction coefficients, and the similarity of 
the boundary-layer velocity and stagnations 
temperature profiles on a $-power-law basis 
with respect to their individual thicknesses, 
which can be different from one another. The 
prediction yields both the flow and thermal 
characteristics when the nozzle configuration, 
wall temperature, and free-stream properties are 
specified. To initiate the prediction, a knowledge 
of 0 and the ratio of thicknesses &/6 is required 
at one location near the nozzle inlet. A complete 

report on the computation procedure of the 
modified boundary-layer analysis, which is 
programmed for numerical solution on an IBM 
7090 computer, is presented in reference 16. 

The heat-transfer specification from the 
modified turbulent boundary-layer analysis [16] 
is 

(2) 

where 
I * 

K* = L/t )C “2f 5Pr+5ln(5Pr+l)-14 

The factor K* is similar to the Prandtl-number 
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correction factor in the von Karman analogy. 
The coefficient c; is analogous to the wall 
friction coefficient cf but with the momentum 
thickness dependence replaced by the energy 
thickness. The ratio (4/S)% is a factor included 
in the analysis. For the present test results at 
stagnation pressures above 75 psia n was found 
to be near zero. The wall friction coefficient is 
predicted either from the Blasius flat-plate 
relation with properties p and p evaluated at 
the film temperature, as was done in the earlier 
analysis [12], or by taking the adiabatic wall 
friction coefficient (predicted from Cole’s rela- 
tion [17] between the friction coefficient for a 
compressible and incompressible flow) with 
properties evaluated as in reference 16. This latter 
method is suggested by a limited amount of data 
[18] for low speed flow which indicate both the 
Stanton number and wall friction coefficient 
with properties evaluated at the free-stream 
temperature to be insensitive to severe wall 
cooling. Of note is that for a severely cooled 
wall, the friction coefficient predicted by the 
latter method is substantially below that pre- 
dicted by evaluating properties at the film 
temperature. 

To predict the heat-transfer coefficient from 
equation (2) requires the selection of n and the 
temperature at which properties are to be 
evaluated. With II 2: 0.1, the prediction is 
approximately the same as that of reference 12. 
For comparison purposes, two limiting values of 
IZ are considered. These correspond to assuming a 
Stanton-number dependence only on the ther- 
mal characteristic 4; i.e. n = 0. for which 
equation (2) becomes 

h ___ = K2.f 
peuecp 2 (24 

or to taking 77 = 0.25, for which equation (2) 
becomes approximately the von Karman analogy 

where 

(3) 

K=.’ 'Cf‘ Jc .I[ 2 5 Pr + 5 In (5 Pr + 1) - 14 
‘. 

-1 

_,_ Ji 2 11) Cf. i 

Other analyses which assume a Stanton-number 
dependence on 4 have been made in references 
14 and 19 and compared to experimental 
heat-transfer results for accelerated turbulent 
boundary-layer flows. In reference 14, the 
predictions exceeded the data by about 30 per 
cent in part of the acceleration region, while in 
reference 19, the correspondence with the data 
was good. 

The heat-transfer predictions shown in Fig. 11 
as curve A are from equation (2a) for a stag- 
nation temperature of 15OO”R and a range of 
stagnation pressures from 45 to 254 psia, with 
the 18-in cooled-approach length. These pre- 
dictions were made with properties evaluated 
as in reference 16 and conditions at the 
edge of the boundary layer determined from 
the wall static-pressure measurements. Shown 
as curve C in Fig. 11 is the prediction from 
equation (3) in which the friction coefficient 
cf/2 was determined from the modified turbulent 
boundary-layer analysis. The reduction in the 
predicted heat-transfer coefficients provided by 
equation (2a) below the von Karman analogy is 
due to the thicker predicted thermal than velocity 
boundary-layer thicknesses through the nozzle. 
At the highest stagnation pressure, the predicted 
ratios of 4/S as indicated in Fig. 12 are as large 
as 6 in the throat region. At the 75-psia stag- 
nation pressure, the correspondence of the 
prediction from the modified turbulent bound- 
ary-layer analysis equation (2a) with the data 
is good except near the nozzle exit. At the highest 
stagnation pressure of 254 psia, where the 
circumferential variation of the data is con- 
siderable, the correspondence with the averaged 
heat-transfer data is fair. The reproducibility of 
the data in Fig. 11 for 254 psia is indicated by 
the two sets of data shown by the open and 
shaded symbols. At the lowest stagnation 
pressure, it := 44.8 psia, the prediction exceeds 
the data by as much as 50 per cent in the throat 
region. For the range of stagnation pressures, the 
predicted maximum value of the heat-transfer 
coefficient is just upstream of the throat, in 
agreement with the data. 

The effect of temperature choice for property 
evaluation may be observed in Fig. 11 by 
comparing curves A and B. Curve B represents 
equation (2a) with properties evaluated at the 
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FIG. 11. Comparison of experimental heat-transfer coefficients with 
predictions at rt, = 1500”R with 1 

film temperature Tf. In the throat region, it lies 
above the data, but is in better agreement near 
the nozzIe exit than curve A. 

the 1%in cooled-approach length. 

Also shown as curve E in Fig. 11 is the equation 
of reference 20. 

For comparison purposes, the predictions 
from the following form of the pipe-flow 
equation for fully developed flow in which both 
the thermal and velocity boundary layers extend 
to the centerline and in which there is no sig- 
nificant pressure gradient are shown as curve 
Din Fig. 11. 

St PrQ.6 = O-023 ReE0.2 (4) 

h = [E% &!$!), r!)“” (EjOJ 

(5) 

In the pipe-flow equation, all properties were 
evaluated at the free-stream static temperature, 
while in equation (5), the Prandtl number and 
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Frc. 12, Predicted thickness ratios along the nozzle with the 1%in coofed-appt.oath length. 

specific heat WWC+ assumed constant at their 
stagnation temperature values and p and ,U were 
evaluated at the film temperature. In equation 
(5), one-dimensional flow quantities were used, 
since two-dimensional effects are not taken into 
account in the derivation. Tf they were, the 
prediction would be nearer that of the pipe- 
flow equation. Two-dimensional values of locai 
mass flux are 15 per cent below the one-dimen- 
sional values just downstream of the nozzle 
throat, as seen in Fig. 5. The prediction from 
equation (5) exceeds the data by as much as 
80 per cent in the throat region. The pipe-flow 
equation [equation (4)] prediction, though in 
better agreement with the data, is still about 
25 per cent high at the throat. 

From these observations, it appears that fair 
agreement with the data is provided at the higher 
stagnation pressures by the modified boundary- 
layer analysis taken in the form of equation 
(2a), with properties evaluated as in reference 
16. These predictions are also shawn, along 
with others at the intermediate pressures of 
it -^I 60 and 150 psia for 7’~ = 1500”R 
as curve A in Fig. 9. The predicted Stanton- 
number dependence on the mass flux is approxi- 
mately that of the pipe-flow equation, which 
is shown as curve D. However, an approxi- 

mation cannot be made of the prediction for 

all the axial locations by an equation like 
the pipe-flow equation but with a lower 
coefficient. This is due to the variation of the 
predicted value of d, relative to D. Foe a given 
run, C# decreases through the subsonic region. 
attaining a m~n~murn near the throat, and then 
increases in the supersonic region, qualitatively 
similar but not in direct correspondence with 
the nozzle diameter. A few of these predicted 
ratios are shown in Fig. 12. 

in Figs. 9(c) through 9(i)% the reduction in 
heat transfer at Reynolds numbers Reu fess 
than about 8 x 105 is not predictable from an 
analysis for a turbulent boundary layer, as 
indicated by the prediction from equation (2a) 
shown in Fig. 9 as curve A. 

Predictions from equation (2a) were also 
made, though not shown, at stagnation tempera- 
tures of 1030” and ZOOO”R, with the i&in cooled- 
approach length. The magnitude of the decrease 
in the heat-transfer coefficient with increasing 
stagnation temperature at the higher stagnation 
pressures shown in Fig. 8 was not predictable. 
From equation @a), the dependence of the heat- 
transfer coeflicient on stagnation temperature at 
a given stagnation pressure is nearly h cc T~o-*‘~* 
(1;-@“. However, the energy thickness at the 
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nozzle inlet decreased with increasing stagnation 
temperature, such that the difference in predicted 
heat-transfer coefficients. was substantially less 
than exhibited by the data. 

The trend of higher heat-transfer coefficients 
through the nozzle with thinner boundary layers 
at the nozzle inlet is shown in Fig. 10 to be 
predictable from equation (2a). However, the 
magnitude of the predicted increase should 
probably be estimated from the 6- and IS-in 
cooled-approach length predictions. For the 
zero cooled-approach length prediction, wall 
cooling was assumed to begin at the nozzle inlet. 
To require that the Stanton numbers remain 
finite there, the energy thickness was taken at a 
small value equal to O=OOl in. 

SOME ADDITlONAL OBSERVATIONS OF THE 
FLOW AND THERMAL CHARACTERISTICS 

In this Section, some features of the flow are 
shown which depend on the predicted flow and 
thermal characteristics obtained from the modi- 
fied turbulent boundary-layer analysis [16], 
with properties evaluated as in reference 16. 
In Fig. 12, the predicted ratios of 4/B and 
&/a indicate the thicker predicted thermal 
than velocity boundary layers, especially in 
the throat region. Because of the cooled wall, 
the displacement thickness 6* becomes negative 
upstream of the throat, as does H = a*/%. 

In Fig. 13, the predicted momentum thickness 
Reynolds numbers are a minimum a consider- 
able distance upstream of the throat. At the 
lowest stagnation pressure, where the heat 
transfer is below that typical of a turbulent 
boundary layer. the minimum Reynolds number 
is 1500. Although this predicted value is 
probably different from the actual value, it is 
still considerably above the measured value of 
600 found in reference 11 below which there 
was departure from fully turbulent Row. For the 
case of constant free-stream velocity, Preston 
[21] proposed a value of 320, above which the 
flow could be considered fully turbulent; for 
accelerated flows, he estimated that the limit 
might be lower. 

To indicate the magnitude of the forces acting 
on the boundary layer through the nozzie, the 
ratio of the pressure forces which tend to 
accelerate the boundary-layer flow to the re- 

IS-in COOLED-APPROACH 
LENGTH 

. . r 

._ -- ~- 

AXlAt DISTANCE RATIO r/f 

FIG. 13. Predicted momentum thickness Reynolds 
nunlbers along the nozzle. 

tardation wall shear forces is shown in Fig. 14 as 
- ~[~(d~~dx)]~T~~~. The ratio is largest in the 
convergent section before decreasing through 
the throat and divergent section. For comparison 
the value of the ratib for fully developed flow in 
a circular pipe is shown to demonstrate the large 
flow accelerations in a nozzle. 

To gain some knowledge of the mechanisIn 
which at the low stagnation pressures reduces 
the heat transfer below that typical of a fully 
turbulent boundary layer, reference is made to 
the boundary-layer turbulence-energy equation 
(e.g. see [22]). For simplicity, an incompressible 
plane fiow is assumed for which the convection 
of turbulent kinetic energy by the mean flow 
is 

L-_yi 

Cd) 
The terms represent the following: 

(a) production of turbulent kinetic energy by 
the working of the mean velocity gradients 
against the Reynolds stresses 
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/ THROAT z/L : 0.603 

VALUE FOR FULLY DEVELOPED 
FLOW IN A CIRCULAR PIPE -‘I 

AXIAL DISTANCE RATIO r/L 

FIG. 14. Predicted ratio of pressure to wall shear forces acting on the boundary layer along the 
nozzle. 

(b) work done by the turbulence against the 
fluctuation pressure gradients 

(c) convection of turbulent kinetic energy by 
the turbulence itself 

(d) transfer of energy by the working of the 
turbulent viscous stresses 

For a two-dimensional flow with a pressure 
gradient the significant terms from term (a) that 
lead to a production or decay of convected 
turbulent kinetic energy are 

The remaining terms (b), (c) and (d) in equation 
(4) are dependent on the turbulence produced. 
The first term in equation (7) is always positive 
and leads to a production of turbulent kinetic 
energy. However, with flow acceleration 
au/ax > 0, the second term leads to a decay 
of turbulent kinetic energy provided that 
3 z=- 8. Thus, a measure of the importance of 
flow acceleration in reducing the net production 
of turbulent kinetic energy is given by a ratio 
of the two terms in equation (7): 

(3 - F) (au/ax) ,y=- 
-_((aupy) ’ (8) 

To establish the variation of x in the flow 
direction requires a knowledge of the turbulent 
quantities across the boundary layer. In the 
absence of turbulence measurements in accelera- 
ted flows, this estimate is restricted to the flat- 
plate measurements of Klebanoff [23] at a 
momentum thickness Reynolds number of about 
8 x 103. The production term z au/+ is 
largest in the wall vicinity where [+,/(~~/pJ]!lfi~. 
z 30. Using the “law of the wall”, 

u __- =_ 
%‘(QJiPe) 

5.5 + 2.5 ~n?Y!??!!!??’ 
Ve 

the velocity gradient is 

814 2.5 720 

Q 30 peve 

An average vaIue of (3 - ‘;;z)/-x z f-8 
is taken from Klebanoff’s data since this ratio 
did not vary appreciably across most of the 
boundary layer. Approximating the velocity 
gradient au/ax by its free-stream value due/dx 
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FIG. 15. Predicted effect of Aow acceleration in reducing the net production of turbulent kinetic 
energy at different stagnation pressures. 

and combining the other approximations gives 

22 ve (duejdx) 
X Y --(qja-‘ 

AItbougb the constant, 22, is somewhat ar- 
bitrary, the essential feature is the dependence 
of x on the group, 

me (d~~~dx) 

--G&J-- * 

The variation of x along the nozzle is shown 
in Fig. 15 at Tt = 15OO”R for the range of 
stagnation pressures from 45 to 254 psia. With 
decreasing stagnation pressure, the increasing 
values of x indicate the predicted reduced net 
production of turbulent kinetic energy. At the 
lowest stagnation pressure, x attains a maximum 
value of 0.14. Actually, for the low stagnation 
pressures, the values of x should exceed those 
shown, since the low heat transfer implies that 

21 

the wall shear is below the predicted value, The 
variation of x along the nozzle displays the 
same trend of being largest in the convergent 
section before d~mjnishing through the throat 
and divergent section as the departure of the 
heat-transfer data at the low stagnation pressures 
from that typical of a turbulent bounda~ layer 
observed in Fig. 9. The values of x indicate when 
the turbulent shear stress, UT, which is related 
to the turbulent kinetic energy, is expected 
to be lower than that typical of a fully turbulent 
boundary layer. The transport of heat would 
also be reduced, since it depends on the level af 
turbulent transport. 

CONCLUSIONS 
Experimental convective heat-transfer results 

have been presented for a turbulent boundary- 
layer flow through a cooled convergent-divergent 
nozzle. The scope of the investigation covered a 
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wide range of stagnation pressures and tempera- 
tures as well as nozzle-inlet boundary-layer 
thicknesses. The experimental results indicated 
the following : 

1. 

2. 

3. 

4. 

5. 

6. 

Heat-transfer coefficients increased with 
increasing stagnation pressure as a result 
of the larger mass fluxes, but only at stag- 
nation pressures above about 75 psia were 
values typical of a turbulent boundary layer. 

At low stagnation pressures, the heat- 
transfer coefficients were below that typical 
of a turbulent boundary layer even though 
the boundary layers at the nozzle inlet were 
turbulent. 

The effect of stagnation temperature on 
heat transfer was less clear, with the trends 
dependent on stagnation pressure. 

Heat-transfer coefficients were about 10 per 
cent higher throughout the nozzle with the 
thinnest boundary layer at the nozzle inlet 
(8/R 1~ 0.05) than in the nozzIe with the 
thickest inlet boundary layer (6/R N 0.25). 

The heat-transfer coefficient is a m~imum 
upstream of the throat, where the mass flux, 
deduced from wall static pressure measure- 
ments, is largest. Deviations of the mass 
flux from that predicted for one-dimensional 
flow amounted to as much as 15 per cent 
just downstream of the throat. 

A substantial decrease in heat transfer 
existed downstream of the point of flow 
separation. Flow separation in the diver- 
gent portion of the nozzle occurred at the 
low stagnation pressures. 

Various heat-transfer predictions were com- 
pared to the data. Fair agreement at the higher 
stagnation pressures is provided by a modifica- 
tion of the turbulent boundary-layer analysis 
of reference 12, in which the Stanton number 
is taken dependent on a Reynolds number based 
on a thickness characteristic of the thermal 
boundary layer. For the low stagnation pressures, 
where the turbulent boundary layer is thought 
to have undergone partial transition toward a 
laminar one, a parameter is found which is a 
measure of the importance of flow acceleration 
in reducing the transport of heat below that 
typical of a fully turbulent boundary layer. 

More work is needed to gain some experi- 
mental knowledge of the fiow and thermal 
boundary layers within a convergent-divergent 
nozzle and of the extent to which these are 
predictable by an analysis such as that of 
reference 16. 
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R&urn&-On present les resultats d’une investigation experimentale du transport convective de chaleur 
par des couches limites turbulents, acc&res par des larges gradients de pression dans une tuyere 
refralchie convergente-divergente. Les investigations se sont &endues sur les pressions de stagnation 
entre 30 et 250 psia,t sur les temperatures de stagnation entre 1030” et 2OOO”R, et sur des Bpassieurs 
de la couche limite entre 5-25 pour cent du rayon de Pent&. La tendance inattendue la plus importante 
dans les resultats est la reduction du coefficient du transport de chaleur a une valeur au dessous de 
celle caracteristique pour une couche limite turbulente, a des pressions au dessous d’environ 75 psia.t 
Comme attendu, les resultats englobent un maximum du coefficient du transport de chaleur avant de la 
gorge air la vitesse du courant de masse est la plus grande par unite de surface, et une decroissance 
substantielle du coefficient du transport de chaleur apres le point de separation du courant. Ce point 
se trouve dans la section divergente de la tuyere pour les pressions de stagnation basses. Une reduction 
d’environs 10 pour cent dans le coefficient du transport de chaleur est due a une augmentation de 
l’epaisseur de la couche limite a Pent&, entre les dpaisseurs minimaux et maximaux. 

Les predictions du transport de chaleur, avec lesquelles les resultats sont compares, soit incorporent 
une prediction des particularitts de la couche limite, soit elles sont rapport&s au courant dans un tuyau. 
Aux pressions plus ClevQs, les valeurs prtvues par une modification de la theorie de Bartz pour la couche 
limite turbulente sont assez proches avec les resultats. Con-me explication possible du transport de 
chaleur bas aux pressions plus petites, on trouve un parametre qui est une mesure de l’importance de 
l’acdleration du courant dans la reduction du transport turbulent au dessous duquel caracteristique 

pour une couche limite entitrement turbulente. 

Zusammenfassung-Die Resultate einer experimentellen Untersuchung der KonvektionswBrrneiiber- 
tragung der turbulenten Grenzschicht, die beschleunigt wird unter dem Einfluss grosser Druck- 
gradienten welche in einer gektihlten konvergentdivergenten Diise entstehen, werden beschrieben. 
Die Untersuchung umfasst den Gesamtdruckbereich 30 bis 250 psiat und den Stautemperaturbereich 
1030” bis 2OOO”R. Die Grenzschichtdicke am Diiseneingang lag zwischen 5 Prozent und 25 Prozent 
des Eingangradius. Das bedeitsamste, unerwartete Resultat der Untersuchung besteht in der 
Abnahme des WLrmeiibertragungskoeflizienten unter demjenigen, der typisch ist fiir die turbulente 
Grenzschicht, bei Gesamtdrucken die unter etwa 75 psiat liegen. Wie erwartet, erreicht der Warme- 
ubertragungskoefhzient ein Maximum stromaufwlrts vom Hals wo die Massenfliessdichte am 
grossten ist. Ebenso erleidet er eine bedeutende Abnahme stromabwlrts vom Teilungspunkt des 
Stromes, welcher Punkt im divergenten Teii der Diise lag bei niedrigen Gesamtdrucken. Durch eine 
Zunahme der Eingangsgrenzschichtdicke, innerhalb des untersuchten Dickebereiches, nahm der 
Warmeleitungskoeffizient urn circa 10 Prozent ab. 

Die theoretischen Voraussagen, mit denen die Messresultate verglichen wurden, sind entweder auf 
Striimungen in Rohren basiert oder geben Auskunft iiber die Eigenschaften der Grenzschicht. Bei 

_ 
t 100 psia = 7,03 kg/cm2 abs. 
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hoheren Gesamtdrucken zeigen die Resultate ziemlich gute Ubereinstimmung mit einer modifizierten 
Bartz’schen Theorie der turbulenten Grenzschicht. Urn die niedrige Wanneiibertragung bei kleineren 
Gesamtdrucken zu erkllren, wird ein Parameter definiert der ein Mass fiir die Str6mungsbeschleunigung 
ist, die an der Reduktion des turbulenten Transportes unter demjenigen einer voll ausgebildeten 

turbulenten Grenzschicht beteiligt ist. 

BHsOTaqrr~-npeACTaBlneHbr pt?QVIbTaTbI 3I~Cl~ep~~e~Ta~bHOrO ~ICC~O~OBaII~IK I~OHB~~T~fB- 

~oro neperioca TeffJia n T~p6~~e~Tuo~ norpan~~~o~ czoe np~ ~fa~~q~~ ~o~bm~fx rp~~e~fTou 
ganjIefi3fn B ox~a~~ae~o~ cRepx3syKosonr coff,ile. ~~cc~e~oBafi~e npono~~f~ocb B ~~ana:~o~i~’ 
aBc0~110~1~0r0 zameKaK TO~MOHif?HHK 0~ 30 fro 250 &HT/~;B. AK&M, TeMIIepaTJ’pa TOpMO?WHIIK 

IIZMeHKZTaCb OT 1030” r[O 2000%. TonwKa IIOl’paHWiHOI’O CJIOK BO BXO~HO8 Yi3CTM COCT~IUIIIJ~ 

OT 5 A0 25 ‘A PaZHyCa. HeOmHRaHHbIM pe:Sy.ZLTaTOM, rIpe/JCTaBJIKfOIIJnM 6OJhUIOe .7AaYOIIIII?, 

KBllJIOCb j’hIeHblIIWCHf2 I~O~~@IW’IOHTa TelIJIOO6MCIIa IIpPf a6COJIfOTHOhf ~aBsW?HlIH TOPMOHEf’ffIfff 

mace 75 @YHT/I~B. @%rn no cpanaeamo co :ufaw9fwfl?rif I~oa@f$mwxTon Terfno06hferra, IIIUI- 

CYIIIIIMII Typ6yJIeHTIfOMJ~ IIOlJEkHMYIIOM~ CJIOIO UpIf 6e:Wpa#ieHTHOM 06Tt?FEBlfMM. ICah- 1, 

IIpe~,oOJIaIWIOt:b, 1~03f$fi$3Hl~Iif%T IIepeIIOCa TeIIJI2 IIMWT MBI<CHMNIhHOe 3H~YOIfYIt? IS l’O~“OB”IN: 

c~oma, me Iia6~~~~~T~~I IiaI~6O~b~~i~ uaCCOI3bI@ paC%Og IIOTOliB Ha efisirfwI$y 

11~04~~~~, H :3IIaYI~TO.~hHO ~~OHb~aOTCFI BHt48 II0 IIOTOxg OT TOYKA OTPbWa, ~OTO~bI~ IfpO- 

IiCXORI?T IIplI II~I~I~O~ ~aB~~H~~ TOp~O~eH~K B ~aCXO~K~e~CK YZICTH COIIJIa. ~~~eHbIU~i1~~~ (a0 

10%) 3IIaYeIIHK IE03$+iC(J/IC?BTa TeIIZIOO6MeHa IIPOHCXOAMT B pe:SyJIbTaTe yI%eJIHYeFIHK TOJIIII- 

IIHbI IIOrpaHkIYHOrO CJIOK I30 ISXOAHOI% YaCTK. 

TeopeTmecfme pWfeTb1 II0 TtXIJiOO6MeII)‘, C KOTOpLIMll CpaBffHB~Jl~Cb :3I(C~CI)I?MeIITaJIbIIl,~~~ 

~amrm, ~~OY~IOT ndio pameT xapawepcfcrfw norpaanworo c~ofl, wlio OTIIOCKTCK li 

TeYeHHIO BliyTpll TPY6bI. IlpPI 6OJIblIIriirX ;laBJIOWifIX TOPMOHCBHMK piWIf:THbtO ~H~‘leIiHK. 

II0.7Y9(lIIHbIf3 C IIOMO~bIO MO~@HIia~I4@I aHaJIblSi? TJ’p6JVIOHTHOl’O IIOIJNIIHYItOl’O C:IOK, 

IIpOlW$,eHHOrO &pqeM, XO~OIIIO COI7IaCJWTCK C BfiClIe~MMeHTa3IhHhIMII ;Fzi?IHbIMIt. Haii,qert 
ffapakfeq, KoTophfL xapa~Topfia~eT wfmfiif4e ycHopefiffE noToKa ffa cmf~emfe T~p6y~eIfTIiOrO 

IIepetIOCa HMHEe :3Ha~IOH~I~, ~p~Cy4~~X KO~HOCTb~ T~p6~~eHTKO~i~ ItO~~~Hk~‘lkfO~~ CJIOIO IIpii 

rpa~~eKTK0~ Twefm~. 


